For two symmetric quantum states one may be interested in maximizing the overlap under local operations applied to one of them. The question arises whether the maximal overlap can be obtained by applying the same local operation to each party. We show that for two symmetric multiqubit states and local unitary transformations this is the case; the maximal overlap can be reached by applying the same unitary matrix everywhere. For local invertible operations (stochastic local operations assisted by classical communication equivalence), however, we present counterexamples, demonstrating that considering the same operation everywhere is not enough.
I. INTRODUCTION
In many applications and implementations of quantum information processing, one has to compare two different quantum states. In this context, the quantum fidelity [1, 2] is a very useful tool to measure the "closeness" between two states in the Hilbert space of a quantum system. For two arbitrary states ρ 1 and ρ 2 , it is defined as
For any pair of pure states |ψ and |φ , the quantum fidelity reduces to their (squared) overlap, F (ψ, φ) = | ψ|φ | 2 . Although the fidelity does not define a metric on the state space, it is the core ingredient for several of them, like for instance the Bures distance d B (ρ 1 , ρ 2 ) = [2−2 F (ρ 1 , ρ 2 )] 1/2 [3, 4] . The fidelity is also widely used to define various entanglement monotones. The Bures distance d B is itself such an example [5] . For multipartite pure states, the geometric measure of entanglement E G (ψ) = 1 − F |ψ ,S with
is another example that exploits the maximal fidelity between the state |ψ to characterize and the set S of all fully separable states |φ = |a ⊗ |b ⊗ |c ⊗ · · · [6] . The question arises as to how the supremum in Eq. (2) can be computed. In general, it is known to be an NPhard task [7] . For multipartite states |ψ S that are symmetric with respect to the permutations of the parties it has been shown [8] that this supremum is realized among the symmetric separable states |φ = |a ⊗ |a ⊗ |a ⊗ · · · only,
In fact it can even be proven that for three or more particles the state maximizing the overlap in the definition of F |ψS ,S is necessarily symmetric [8] . This nice property considerably simplifies the calculation of the geometric measure of entanglement for symmetric states.
The maximization of the fidelity over sets other than the separable states S has proven to be very useful for discrimination strategies of inequivalent classes of multipartite entangled states with witnesses [9] or other methods [10] . In this case, the maximization is typically to be performed on sets of states equivalent through either local unitary operations (LU) or stochastic local operations assisted by classical communication (SLOCC). One needs to evaluate the maximal fidelity
with C any considered LU or SLOCC class of states. Mathematically, these classes are defined as follows: The LU equivalence class of a pure state |χ is given by all states of the form |φ = U 1 ⊗ U 2 ⊗ · · · ⊗ U N |χ , where the U k are unitary matrices acting on the k-th party. The SLOCC equivalence class of |χ is given by normalized states of the form |φ ∼ A 1 ⊗ A 2 ⊗ · · · ⊗ A N |χ , where the A k are invertible matrices [11] . The LU and SLOCC equivalence classes of states never coincide, except for the fully separable states that are all both LU and SLOCC equivalent. In Eq. (4), if C contains symmetric states, the question naturally arises whether the simplification given by Eq. (3) for the particular case of the SLOCC (and LU) class S of separable states generalizes similarly. In other words, do we have for any symmetric state |ψ S and any LU or SLOCC classes C containing symmetric states
This paper provides answers to this question for multiqubit systems. First, in the case of LU classes, the answer is positive and this is formally proven in Sec. II.
Second, for the case of SLOCC classes, the answer is surprisingly negative and spectacular violations of Eq. (5) will be given in Sec. III. In Sec. IV we summarize and discuss further open problems.
II. CASE OF LOCAL UNITARY TRANSFORMATIONS
When considering LU equivalence classes C and multiqubit systems in Eq. (5) and since any two LU-equivalent symmetric states can be transformed into each other with the same local unitary acting on each party [12, 13] , the question can be rephrased as follows: Do we have, for any N -qubit symmetric states |ψ S and |φ S , sup U1,...,UN ∈U(2)
where U(2) is the group of unitary matrices of dimension 2 × 2? Since only the absolute value of the overlap matters, we can choose the phases of the U k as we like. So, it suffices to take matrices with determinant 1 and consider
with SU(2) the group of unitary matrices of determinant 1. The question (6) can thus be rephrased as
To tackle this problem, we note that an arbitrary SU(2) matrix can be written as
We then define the function
with
where C ≃ R 2 and C 2 ≃ R 4 are considered as real Hilbert spaces. The function P ψS ,φS is symmetric with respect to the permutations of the variables, because |ψ S and |φ S are symmetric states. Furthermore, it is R-multilinear in the coefficients q 1 , . . . , q N , that is,
The multilinearity is only ensured for real s and t and this is the reason why we have to consider the real Hilbert spaces C and C 2 . Under these conditions, Hörmander's theorem 4 of Ref. [14] and its extension to the case of real Hilbert spaces of any dimension [14, 15] 
where P ψS ,φS (q) ≡ P ψS ,φS (q, . . . , q). Because of the Rmultilinearity of P ψS ,φS ,
with q
Equation (13) then yields
that is to say,
So, the answer to question posed in Eq. (8) and in Eq. (6) is clearly positive. This finishes the proof.
III. CASE OF SLOCC TRANSFORMATIONS
Now we turn to the case when SLOCC classes are considered in Eq. (5). Since any two SLOCC-equivalent symmetric states can be transformed into each other with the same invertible local operation (ILO) acting on each party [13, 16] , the question addressed here for multiqubit systems is the following: Do we have, for any N -qubit symmetric states |ψ S and |φ S , sup A1,...,AN ∈GL(2)
where GL (2) is the group of invertible matrices of dimension 2 × 2?
Here, the expression to be maximized contains a normalization constant that also depends on the state |φ S . Contrary to the LU case, the left-hand side term of Eq. (18) cannot be cast in a multilinear form divided by a product of norms like the left-hand side term of Eq. (13). Hörmander's theorem therefore cannot be exploited to tentatively prove Eq. (18). Actually, the counterexamples to this equation identified hereafter prove that any attempt in this direction would be doomed to failure.
As the first observation, for three-qubit systems, extensive numerical simulations showed no violation of Eq. (5). Similarly, numerical simulations for N up to 8 gave indications that Eq. (5) seems also to hold for the classes of states SLOCC-equivalent to the 1-excitation Dicke states |D N . These classes gather both symmetric and nonsymmetric states. When restricted to the symmetric subspace, they merely identify to the D N −1,1 families of symmetric states of Ref. [18] . This brings us to conjecture that the equality 
To prove this result, we first consider the state |ψ S = |D
N . For all aforementioned N and k, W
and one gets (see Appendix A for a detailed calculation)
Equation (21) cannot be reduced analytically. It can, however, be straightforwardly evaluated numerically. We illustrate it in Fig. 1 for N = 4, . . . , 100 and k = 2, . . . , ⌊N/2⌋. The figure clearly shows that F S |D
remains significantly below one with an asymptotic behavior as N tends to infinity for fixed k. For fixed N , the considered fidelities decrease with increasing k. The largest ones are obtained for k = 2 with an asymptotic value for large N of ∼ 0.63. By contrast, surprisingly we have
which means that the Dicke state |D N states. We thus clearly have
and this is a neat violation of Eq. (5). To prove Eq. (23), we define for any ǫ = 0 the nonsymmetric
with g N,k (ǫ) the N -qubit non-symmetric local operation
where, in the computational basis {|0 , |1 },
(27) The state |ψ The state |ψ 
where N ǫ = 1/ 1 + ψ ǫ 2 and
We have lim ǫ→0 |ψ ǫ = 0 and thus
This implies that As an aside and out of curiosity, it is interesting to study the inverse operation g N,k (ǫ) −1 acting on the |D 
the state
reads, up to a normalization constant,
This state is totally independent of ǫ and differs significantly from |D 
Indeed, for such states an ILO h can be found such that
We then define for any ǫ = 0 the W
with |ψ (k) N (ǫ) as defined by Eq. (29). We get trivially, up to a normalization constant,
and thus
It follows that
and this implies Eq. (37). This result shows that all states of the W N states, even if they are non-symmetric. As an example, a detailed calculation yields (see Appendix A) Table I . It is noteworthy to mention that these fidelities decrease with increasing N and k. For fixed k, we have
Explicitly, for k = 2, . . . 
IV. CONCLUSION
In this paper we have analyzed the maximization of the quantum fidelity between symmetric multiqubit states and sets of LU-or SLOCC-equivalent states that contain symmetric states. We have shown that the open question in Eq. (5) admits a positive answer when LU classes of qubit states are considered, while the answer is negative when turning to SLOCC classes of states.
In the case of LU sets, the positive answer simplifies considerably the calculation of the desired maximal overlap. For SLOCC classes of states, we have shown significant violations of Eq. (5) where for some states |ψ S and classes C the fidelity F |ψS ,C takes the maximal possible value 1, while the symmetric restriction F S |ψS ,C has only significantly much lower values. This is in particular the case when considering any states |ψ S of the W There are several directions in which our work can be generalized. First, concerning LU equivalence classes, it would be highly desirable to prove our result also for higher-dimensional systems and not only for qubits. In our proof, we made use of the simple parametrization of SU(2) matrices, which is not so simple in higher dimensional systems. Second, for SLOCC equivalence classes it would be very useful to find out under which additional conditions the optimization over symmetric states is enough. Based on numerical evidence we identified some examples where this seems to be the case, but so far no clear understanding has been reached. From a more general perspective, our work presents examples where symmetries can help to solve optimization problems related to the numerical range [21, 22] . Understanding further the role of symmetry in such problems is clearly a challenging task, nevertheless it will have a significant impact on various problems in quantum information theory. 
where C n m ≡ m n is the binomial coefficient between m and n, with the usual convention C n m = 0 if n < 0 or n > m, δ denotes the Kronecker delta, T j (y) is the j-th degree Chebyshev polynomial of the first kind, and, for
In particular, for k ′ = 0, one gets the well known result [6] 
withk = k/N the fractional excitation of the Dicke state |D
For k ′ > 1, Eq. (A1) cannot be reduced analytically and it must be evaluated numerically. We noticed that for all tested cases the supremum was systematically obtained for y = −1.
To prove Eq. (A1), we first observe that in the computational basis the Dicke state |D 
with c j (x, x ′ ) as given by Eq. (A2). Finally, using the identity cos(j∆φ) = T j (cos ∆φ) and setting y = cos ∆φ yields Eq. (A1).
Appendix B
In this appendix we prove Eq. (29). We first observe that A(ǫ)|0 = |0 − ǫ|1 , A(ǫ)|1 = |0 , and
We then define the unnormalized Dicke states |u
Inserting Eq. (B1) in Eq. (B3) and observing that for any N and k the symmetric state A(ǫ) ⊗N |u
reads in the Dicke state basis
yields straightforwardly
with a j , b j , and c j as given by Eq. (31) and α N,k = C k N /N . In the sum over j in Eq. (B5), the first term j = 0 merely yields the state (|D , the multiqubit states in the sum contain k qubits in state |1 , and π denotes all permutations of the qubits leading to different terms in the sum. All |D 
